We establish the imbedding inequalities for the composition of the homotopy operator and Green's operator in the weighted Sobolev spaces and Orlicz-Sobolev spaces of differential forms. First we prove both the local and global L p estimates for the composite operator acting on differential forms and obtain the boundedness of the composite operator in the weighted L p spaces. Then, we further study the local and global L φ -norm inequalities for the composite operator. As a consequence we obtain the imbedding inequalities in the Orlicz-Sobolev spaces.
Introduction
Recently the L p -theory of differential forms on R n has been widely applied in many fields, such as quasiconformal mappings and the nonlinear elasticity theory. In the meantime, the operator theory of differential forms and the applications also motivate interest in this subject; see [-] . Note that before these operators can be effectively exploited, their L p theories must be developed. Specially, the study on the boundedness of operators and the descriptions to more geometric spaces of differential forms are crucial to the development of the L p theory of differential forms. This paper is devoted to establishing the local and global imbedding inequalities for the composition of the homotopy operator and Green's operator in the weighted Sobolev space and Orlicz-Sobolev space of differential forms. Let M be an open subset of R n , n ≥ , and B ⊂ R n be a ball. Here we do not distinguish the balls B and cubes Q. We use |M| to denote the Lebesgue measure of a set M ⊂ R n . 
A k-form ω(x)
We use ∧ = ∧(M) to denote the graded algebra of differential forms in M constructed from the ∧ k (M). As usual, we still use : ∧ → ∧ to denote the
. . , n - be the Hodge codifferential operator.
We are interested in the L p spaces of differential forms. Let
be the Banach space with the norm
to denote the weighted L p space with norm
For a bounded domain M ⊂ R n , the norm is 
Furthermore, if M ⊂ R n is a bounded convex domain, Iwaniec and Lutoborski in [] defined the linear operator K y :
The homotopy operator T : 
The local imbedding inequalities for the composite operator in the weighted Sobolev space
In this section, we prove a local imbedding inequality for the composition of Green's operator and the homotopy operator in the weighted (, p)-Sobolev space when n < p < ∞. It should be pointed out that the weighted inequality holds not only for the solutions of the
The A r weight was first introduced by Muckenhoupt in []. The following result appears in [] .
Definition . We say a weight w(x) satisfies the
We now prove the following local weighted norm inequality for the composite operator G • T acting on differential forms.
. , n, is the homotopy operator and G is Green's operator. If w satis-
fies the A r (M) condition with  < r < p/n, then we have the following inequality:
Proof Note that w(x) ∈ A r (M). From Lemma ., there exist constants β >  and C r such that
It is easy to see that k > . From the Hölder inequality with
Take s = p/r. It is easy to check that s >  and
. Thus, from Lemma . and (.), we immediately have
( , we have
Note that w ∈ A r (M). Hence, for all balls B ⊂ M,
Thus, combining (.) and (.), we have
We complete the proof of Theorem .. Proof Using a similar method and notation from (.) and (.) as we did in the proof of Theorem ., we have
We still take s = p/r. From (.), it is easy to see that there exists a constant C(p) such that
Thus, from Lemma . and (.), we obtain
Thus, combining (.) and (.), we have 
∇G T(u) p,B,w ≤ C(r, p)|B|
We complete the proof of Theorem ..
Note that the past weighted inequalities with A r weights only hold for the solutions of the A-harmonic equation when r >  and  < p < ∞. However, the results in Theorems . and . show that the A r weight inequalities for the composite operator also apply to all the differential forms in L p (M, ∧ l ) under the condition of n < p < ∞ and  < r < p/n. This is to say, on the one hand, we extend the scope of the operator; on the other hand, the results limit the spaces where the operator inequalities hold.
The global imbedding inequalities for the composite operator in the weighted Sobolev space
The problem of proving sharp one or two-weight norm inequalities for the classical operators of harmonic analysis has a long history. It usually needs to find the best value for the exponent α(p) to prove the sharp dependence on the A r constant [C r,w ]. Therefore, it is attractive to estimate the sharp value of α(p). In the previous section, we have obtained the local imbedding inequalities for the composite operator. In this section, we prove the global results in the weighted Sobolev space by means of the modified Whitney cover and obtain the power α(p) =  p
. In order to obtain the main theorem, we need the following lemma, which appears in [].
Lemma . Each open subset M ⊂ R
n has a modified Whitney cover of cubes Q = {Q i } which satisfies
for all x ∈ R n and some K > , where χ M is the characteristic function for the set M.
. , n, is the homotopy operator and G is Green's operator. If w satis-
Proof From Lemma . and the properties of the modified Whitney cover, we know that there exists a sequence of cubes {Q i } such that Q i = M and
for all x ∈ M, where K >  is some constant. Thus, we have
where the constant C(r, p, M) is independent of u and each Q i . If we write b n (x) = n i= |u| p χ Q i (x) for x ∈ M, then it is easy to find that {b n (x)} is an increasing sequence of functions in M and b n (x) ≤ K|u| p χ M (x) for all x ∈ M. Thus, from the monotone convergence theorem, we have
Combining (.) and (.), we obtain the boundedness of the composite operator G • T in the weighted L p space.
Using the same method, we have Theorem ..
Combining Theorems . and ., we have the following imbedding inequality.
is the homotopy operator and G is Green's operator. If w satis-
fies the A r (M) condition with  < r < p/n, then we have
Proof Applying the results of Theorems . and ., we have
The imbedding inequality for the composite operator in the Orlicz-Sobolev space
In this section, we prove the imbedding inequality for the composite operator in the Orlicz-Sobolev spaces. Precisely, for the Young functions in the class G(p, q, C), we establish the local L ϕ -norm estimates and the subsequent global version by the modified Whitney cover. To do this, we need some definitions and notation.
We call a continuously increasing function φ :
is equipped with the nonlinear Luxemburg functional
to denote the Orlicz-Sobolev space of l-forms, which is equipped with the norm
Definition . We say a Young function φ lies in the class
for all t > , where g is a convex increasing function and h is a concave increasing function on [, ∞).
From []
, each of φ, g and h mentioned in Definition . is doubling, from which it is easy to know that
for all t > , where C  and C  are constants.
Theorem . Let φ be a Young function in the class
G(p, q, C),  ≤ p < q < ∞, C ≥  and M be a bounded convex domain. Assume that T : C ∞ (M, ∧ l ) → C ∞ (M, ∧ l- ), l = , , . . . , n,
is the homotopy operator and G is Green
for all balls B ⊂ M.
Proof Note that 
Noting that φ is doubling, we have we have the following theorem.
